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Introduction: the Laplace operator

We consider the eigenvalue problem for the Laplace operator with
Neumann boundary conditions−∆u = λρu, in Ω,

∂u
∂ν = 0, on ∂Ω,

where ρ is a measurable, positive and bounded function and Ω is a
bounded domain in RN of class C1.

If N = 1 this problem models a free vibrating string with density ρ,
while if N = 2 it models a free vibrating membrane with density ρ.

We shall refer to the quantity
∫

Ω
ρdx as to the total mass of the

body.
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Introduction: the Laplace operator

It is known that the Neumann eigenvalues form a sequence

0 = λ1[ρ] < λ2[ρ] ≤ · · · ≤ λk [ρ] ≤ · · · ↗ +∞

We are interested in the map

ρ 7→ λk [ρ],

In this talk we will mainly focus on upper bounds for the
eigenvalues with respect to positive densities ρ such that∫

Ω
ρdx = M, with M > 0 fixed.

Without loss of generality we will take M = |Ω|.
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Introduction: the Laplace operator
If N = 1 there exist sequences {ρε}ε∈(0,ε0) such that

lim
ε→0

λ2[ρε] = +∞

Example: if Ω = (−1, 1) then

ρε =

ε, in (−1, 1) \
[
− ε2 ,

ε
2

]
,

|Ω|−(2−ε)
ε , in

(
− ε2 ,

ε
2

)
is such that

∫
Ω
ρεdx = |Ω| and λ2[ρε]→ +∞ as ε→ 0. In this case

the mass is concentrating at the point x = 0.
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Introduction: the Laplace operator

For N ≥ 2 mass concentration doesn’t produce blow up of
eigenvalues.

Moreover, if N ≥ 2, the eigenvalues corresponding to mass
densities concentrating to one or more points become arbitrarily
close to zero.

The natural question is: “for N ≥ 2, can we bound Neumann
eigenvalues uniformly from above or there exist densities
preserving the total mass such that the eigenvalues can be
arbitrarily large?”
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Introduction: the Laplace operator

The answer has been recently given in the more general context of
the Riemannian geometry. We have the following

Theorem (Colbois-El Soufi)

Let Ω be a bounded domain of class C1 of a complete Riemannian
manifold (M, g0) of dimension N ≥ 2 with Ricg0 ≥ −(N − 1)g0. Then
for every metric g conformal to g0 and every density ρ with∫

Ω
ρdvg = |Ω|g one has

λ
g
k [ρ] ≤

1

|Ω|
2
N
g

(
ANk

2
N + BN |Ω|

2
N
g0

)
,

where AN and BN are positive constants depending only on the
dimension.

B. Colbois, A. El-Soufi. Spectrum of the Laplacian with weights. Preprint (2016).
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Introduction: the Laplace operator

Corollary

Let Ω be a bounded domain of class C1 in RN, N ≥ 2. Then for
every density ρ with

∫
Ω
ρdx = |Ω| one has

λk [ρ] ≤ CN

(
k
|Ω|

) 2
N

,

where CN is a positive constant depending only on the dimension.

We note that such estimate is compatible with the Weyl’s law

λk [ρ] ∼ cN

(
k
|Ω|

) 2
N

as k → +∞,

where
∫

Ω
ρdx = |Ω| and cN is a constant depending only on N.
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The biharmonic operator
Let Ω be a bounded domain in RN of class C1. We consider the
eigenvalue problem for the biharmonic operator subject to
Neumann boundary conditions

∆2u = λρu, in Ω,
∂2u
∂ν2 = 0, on ∂Ω,

div∂Ω

(
D2u · ν

)
+ ∂∆u

∂ν = 0, on ∂Ω

For N = 1 this problem models a free vibrating rod with density ρ,
while if N = 2 it models a free vibrating plate with density ρ. Recall
the weak formulation:∫

Ω
D2u : D2ϕdx = λ

∫
Ω
ρuϕdx, ∀ϕ ∈ H2(Ω).

We have

0 = λ1[ρ] = · · · = λN+1[ρ] < λN+2[ρ] ≤ · · · ≤ λk [ρ] ≤ · · · ↗ +∞
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The biharmonic operator: upper bounds

We can prove upper bounds for λk [ρ] in the case N ≥ 4.

Theorem

Let Ω be a bounded domain of class C1 in RN, N ≥ 4. Then for
every density ρ with

∫
Ω
ρdx = |Ω| one has

λk [ρ] ≤ CN

(
k
|Ω|

) 4
N

,

where CN is a positive constant depending only on the dimension.

We remark that this result is compatible with the Weyl’s law

λk [ρ] ∼ cN

(
k
|Ω|

) 4
N

as k → +∞,

where
∫

Ω
ρdx = |Ω| and cN is a constant depending only on N.
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The construction of Korevaar and Grigor’yan-Netrusov-Yau

The key ingredient is a result on decomposition of a metric space
by annuli.

Let (X , d) be a metric space. An annulus A is a set

A = A(x0, r ,R) :=
{
x ∈ X : r < d(x, x0) < R

}
.

Moreover we shall denote by 2A the annulus A(x0, r/2, 2R).

A

2A
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The construction of Korevaar and Grigor’yan-Netrusov-Yau

We have the following

Theorem (Korevaar; Grigory’an-Netrusov-Yau)

Let (X , d) be a metric space with a finite measure ν.

Assume that:

i) the balls are precompact;

ii) the measure ν is non-atomic;

iii) there exists Λ > 0 such that for each r > 0 a ball of radius r can
be covered by at most Λ balls of radius r/2.

Then for all k ∈ N there exists a family of annuli {Ai}
k
i=1 such that:

i) ν(Ai) ≥ CΛ
ν(X)

k , where CΛ > 0 depends only on Λ;

ii) The annuli 2Ai are pairwise disjoint.

A. Grigor’yan, Y. Netrusov, S-T. Yau. Eigenvalues of elliptic operators and geometric
applications. Surveys in differential geometry. Vol. IX (2004), 147–217.

N. Korevaar. Upper bounds for eigenvalues of conformal metrics. J. Differential Geom. 37
(1993), no.1, 73–93.
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Proof: test functions on annuli
We apply the theorem with X = Ω

and dν = ρdx. We get 2k annuli
Ai such that 2Ai are disjoint and∫

Ai

ρdx ≥ CN
|Ω|

2k

The proof of the upper bounds relies in constructing test functions
ui ∈ H2(Ω) supported on 2Ai and such that ui ≡ 1 on Ai .

From the Rayleigh min-max principle it follows that

λk [ρ] ≤ max
ui1 ,...,uik

∫
Ω
|D2ui |

2dx∫
Ω
ρu2

i dx
.
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Proof: test functions on annuli

In order to find upper bounds we estimate the numerator and the
denominator of the Rayleigh quotient for all ui

∫
2Ai

ρu2
i dx ≥

∫
Ai
ρdx ≥ CN

|Ω|
2k .

Using Hölder’s inequality∫
Ω
|D2ui |

2dx ≤
(∫

Ω
|D2ui |

2N/4
)4/N

|2Ai |
1−N/4.

Since we have 2k annuli, at least kof them are such that
|2Ai | ≤

|Ω|
k : we choose such annuli.

It is possible to prove that
(∫

Ω
|D2ui |

2N/4
)4/N
≤ CN for all i.

The conclusion is now straightforward.

Remark: the proof works if N ≥ 4.
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Remark: dimensions N = 2, 3
The proof does not allow to get the result in dimensions 1, 2 and 3.

In fact we expect that in this case there are no upper bounds (this
could be proved for N = 1).

Idea: eigenvalues explode when mass concentrates to a point.

Numerical experiments with Ω = B the unit ball in R2 and R3 and
ρε concentrating near the origin.
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0

200

400

600

800

1000

(a) λ4[ρε] for N = 2.
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(b) λ5[ρε] for N = 3.
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Remark: Riemannian manifolds

The main difficulty in applying the technique on Riemannian
manifolds is the construction of test functions.

(a) Test function in H1(Ω)
(profile)

(b) Test function in H2(Ω)
(profile)

Test functions for the Laplace operator are constructed by using
the distance function d, which has |∇d| = 1 a.e. (Figure (a)).

Test function for the biharmonic operator must be in H2(Ω). The
naive idea is to use the squared distance function, but such
function is not differentiable on the cut-locus of the manifold.
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Remark: Riemannian manifolds

Observation: If (M, g) is a compact Riemannian manifold such that
inj(M,g) > c > 0, then we can cover the manifold with a number

n = n(inj(M,g)) of balls B(xi , r) of radius r <
inj(M,g)

2

, i.e.,

M =
n⋃

i=1

B(xi , r).

Then we can exploit the construction of Korevaar on some of the
balls B(xi , r), where - roughly speaking - we are ‘almost euclidean’
and then get

λk [ρ] ≤ C(g)k
4
N ,

where the constant C(g) depends on the Riemannian metric g.
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Remark: Polyharmonic operators

We can consider Polyharmonic operators (−∆)m, m ∈ N(−∆)mu = λρu, in Ω,

N1u = · · · = Nmu = 0, on ∂Ω,

where Nju are the Neumann boundary conditions.

It is possible to prove that if N ≥ 2m then

λk [ρ] ≤ CN

(
k
|Ω|

) 2m
N

,

for all positive ρ such that
∫

Ω
ρdx = |Ω|.

Moreover, we expect that if N < 2m, then the eigenvalues explode
if the density concentrates at one or more points.
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Remark: Dirichlet and intermediate conditions

If we consider the eigenvalue problem for the Laplace operator
with Dirichlet conditions

(L)

−∆u = λρu, in Ω,

u = 0, on ∂Ω,

and the eigenvalue problem for the biharmonic operator with
Dirichlet and intermediate conditions

(D)

∆2u = λρu, in Ω,

u = ∂u
∂ν = 0, on ∂Ω,

(I)

∆2u = λρu, in Ω,

u = ∂2u
∂ν2 = 0, on ∂Ω,

then for all N ≥ 1 it is possible to construct sequences {ρε}ε∈(0,ε0) of
densities preserving the mass such that

lim
ε→0

λk [ρε]→ +∞.

18 of 19



Remark: Dirichlet and intermediate conditions

If we consider the eigenvalue problem for the Laplace operator
with Dirichlet conditions

(L)

−∆u = λρu, in Ω,

u = 0, on ∂Ω,

and the eigenvalue problem for the biharmonic operator with
Dirichlet and intermediate conditions

(D)

∆2u = λρu, in Ω,

u = ∂u
∂ν = 0, on ∂Ω,

(I)

∆2u = λρu, in Ω,

u = ∂2u
∂ν2 = 0, on ∂Ω,

then for all N ≥ 1 it is possible to construct sequences {ρε}ε∈(0,ε0) of
densities preserving the mass such that

lim
ε→0

λk [ρε]→ +∞.

18 of 19



Remark: Dirichlet and intermediate conditions

If we consider the eigenvalue problem for the Laplace operator
with Dirichlet conditions

(L)

−∆u = λρu, in Ω,

u = 0, on ∂Ω,

and the eigenvalue problem for the biharmonic operator with
Dirichlet and intermediate conditions

(D)

∆2u = λρu, in Ω,

u = ∂u
∂ν = 0, on ∂Ω,

(I)

∆2u = λρu, in Ω,

u = ∂2u
∂ν2 = 0, on ∂Ω,

then for all N ≥ 1 it is possible to construct sequences {ρε}ε∈(0,ε0) of
densities preserving the mass such that

lim
ε→0

λk [ρε]→ +∞.

18 of 19



Remark: Dirichlet and intermediate conditions

If we consider the eigenvalue problem for the Laplace operator
with Dirichlet conditions

(L)

−∆u = λρu, in Ω,

u = 0, on ∂Ω,

and the eigenvalue problem for the biharmonic operator with
Dirichlet and intermediate conditions

(D)

∆2u = λρu, in Ω,

u = ∂u
∂ν = 0, on ∂Ω,

(I)

∆2u = λρu, in Ω,

u = ∂2u
∂ν2 = 0, on ∂Ω,

then for all N ≥ 1 it is possible to construct sequences {ρε}ε∈(0,ε0) of
densities preserving the mass such that

lim
ε→0

λk [ρε]→ +∞.

18 of 19



Remark: Dirichlet and intermediate conditions

If we consider the eigenvalue problem for the Laplace operator
with Dirichlet conditions

(L)

−∆u = λρu, in Ω,

u = 0, on ∂Ω,

and the eigenvalue problem for the biharmonic operator with
Dirichlet and intermediate conditions

(D)

∆2u = λρu, in Ω,

u = ∂u
∂ν = 0, on ∂Ω,

(I)

∆2u = λρu, in Ω,

u = ∂2u
∂ν2 = 0, on ∂Ω,

then for all N ≥ 1 it is possible to construct sequences {ρε}ε∈(0,ε0) of
densities preserving the mass such that

lim
ε→0

λk [ρε]→ +∞.

18 of 19



Essential bibliography

B. Colbois, A. El Soufi,
Spectrum of the Laplacian with weights,
Preprint, 2016.

N. Korevaar,
Upper bounds for eigenvalues of conformal metrics.,
J. Differential Geom., 37(1):73–93, 1993.

A. Grigor’yan, Y. Netrusov, S-T. Yau,
Eigenvalues of elliptic operators and geometric applications,
Surveys in differential geometry, Vol. IX:147–217, 2004.

P.D. Lamberti, L. Provenzano,
A maximum principle in spectral optimization problems for elliptic operators
subject to mass density perturbations,
Eurasian Math. J., 4(3):70–83, 2013.

19 of 19



THANK YOU

19 of 19



Remark: lower bounds

As we have seen the dimension plays an important role in mass
density perturbations.

We collect some results on lower bounds
with respect to densities ρ preserving the mass.

Eigenvalues of the Laplace operator with Dirichlet conditions:

If N = 1 then λk [ρ] > 4k2

|Ω|2
(Zhukovskii-Rapoport).

If N ≥ 2, then there exists {ρε}ε∈(0,ε0) such that
limε→0 λk [ρε]→ 0.

Eigenvalues of the biharmonic operator with Dirichlet and
intermediate conditions:

If N = 1, 2, 3 then λk [ρ] > CN, where CN > 0 does not depend
on ρ.

If N ≥ 4, then there exists {ρε}ε∈(0,ε0) such that
limε→0 λk [ρε]→ 0.

Question: estimates for the lower bound CN.
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Eigenvalues of the Laplace operator with Dirichlet conditions:

If N = 1 then λk [ρ] > 4k2

|Ω|2
(Zhukovskii-Rapoport).

If N ≥ 2, then there exists {ρε}ε∈(0,ε0) such that
limε→0 λk [ρε]→ 0.

Eigenvalues of the biharmonic operator with Dirichlet and
intermediate conditions:

If N = 1, 2, 3 then λk [ρ] > CN, where CN > 0 does not depend
on ρ.

If N ≥ 4, then there exists {ρε}ε∈(0,ε0) such that
limε→0 λk [ρε]→ 0.
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Remark: lower bounds

Eigenvalues of the Laplace and biharmonic operator with
Neumann conditions:

If N ≥ 2 for the Laplace operator, and if N ≥ 4 for the
biharmonic operator, there exists {ρε}ε∈(0,ε0) such that
limε→0 λk [ρε]→ 0.

Question: are there positive lower bounds for the Neumann
eigenvalues of the Laplace operator if N = 1 and of the biharmonic
operator if N < 4?
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Final remark: critical mass densities

Consider the following eigenvalue problem on open subsets Ω of
RN

Lu = λρu,

where L is an elliptic partial differential operator of order 2m
subject to homogeneous boundary conditions.

For F ⊂ N let

R[F ] :=
{
ρ ∈ L∞(Ω), ρ > 0 : λj[ρ] , λl[ρ],∀j ∈ F , l ∈ N \ F

}
and

ΛF ,h[ρ] :=
∑

j1,...,jh∈F ,
j1<···<jh

λj1 [ρ] · · · λjh [ρ], h = 1, ..., |F |.
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Final remark: critical mass densities

Let

LΩ :=

{
ρ ∈ L∞(Ω), ρ > 0 :

∫
Ω
ρdx = |Ω|

}
.

We have

Theorem

The set R[F ] is open in L∞(Ω) and the functions ΛF ,h from R[F ] to
R are real analytic on R[F ]. Moreover, if one of the boundary
condition is u = 0 on ∂Ω, the map ΛF ,h has no point of local
maximum or minimum on R[F ] ∩ LΩ.

Remark: the Neumann case is not included. Nevertheless, we
have partial results of non-existence of critical densities also in this
case.
P.D. Lamberti, L. Provenzano. A maximum principle in spectral optimization problems for
elliptic operators subject to mass density perturbations. Eurasian Math. J. 4 (2013), no.3,
70–83.
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